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(a) Markovian open quantum systems

ො𝜌𝑆 𝑡 ≔ 𝑡𝑟𝐸 ො𝜌𝑆𝐸 = 𝔼𝜉 | ൿ𝜓 𝑡 ; ℊ𝜉 𝑡 ൻ𝜓 𝑡 ; ℊ𝜉(𝑡)|

Markovian
Master Equation

for reduced density 
matrix 

Markovian
Stochastic Schrödinger 

Equation unravelling 
some G

K. Jacobs and D. A. Steck, Contemp. Phys. 47, 279 (2006)

L. Li, M. J. Hall, and H. M. Wiseman, Phys. Rep. 759, 1 (2018)
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NO CONTINOUS MEASUREMENT! 
WEAK VALUE UNRAVELLING???



(b) SSEs Unravelling Weak Values

H. M. Wiseman and J. M. Gambetta, Phys. Rev. A 68, 062104 (2003) & Phys. Rev. Lett. 101, 140401 (2008)

X. Oianguren-Asua, CF. Destefani , M. Villani, DK. Ferry, X. Oriols. Chapter of: Physics and the Nature of Reality (2023)

𝑖ℏ
𝜕𝜓𝜉( 𝑥𝑆, 𝑡)

𝜕𝑡
= −

𝑗∈𝑆

ℏ2

2𝑚𝑗

𝜕2

𝜕𝑥𝑗
2 + 𝑈 𝑥𝑆, 𝑥𝐸

𝜉
(𝑡) , 𝑡 + 𝒫 𝑥𝑆, 𝑥𝐸

𝜉
(𝑡) , 𝑡 𝜓𝜉( 𝑥𝑠 , 𝑡)

ℊ𝜉 𝑡 → 𝑥𝐸
𝜉
t
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(c) Quantum electron transport with Monte Carlo trajectories

D. Marian, N. Zanghì, and X. Oriols, Phys. Rev. Lett. 116, 110404 (2016)

𝐼𝑇𝑜𝑡𝑎𝑙
𝜉

𝑡 = 

𝑘=1

𝑁

𝐼𝑘
𝜉
𝑡

D. Pandey, E. Colomés, G. Albareda, and X. Oriols, Entropy 21, 1148 (2019)

Two-time correlations (PSD), noise distribution, 
logical operation frequency etc.
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Conclusions
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▪ Weak Values (e.g. the 𝜓) characterize quantum systems

▪ They are experimentally measurable through averages

▪ “Any” simulated result is thus a prediction for an experiment

▪ They promote Bohmian Mechanics to a practical tool :

• Resolve pathological scenarios

• Non-Markovian SSE Toolbox

25



Thank you
for your attention!

Questions?

29
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D. H. Kobe, J. Phys. A Math. Theor. 40, 5155 (2007)

R. Sampaio, S. Suomela, T. Ala-Nissila, J. Anders, and T. Philbin, Phys. Rev. A 97, 012131 (2018)
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(d.1.) Quantum Work?

ℰ𝜓 Ԧ𝑥, 𝑡 = 𝑅𝑒
ൻ Ԧ𝑥 𝐻(𝑡) ۧ𝜓(𝑡)

ൻ Ԧ𝑥 ۧ|𝜓(𝑡)
=

Ԧ𝓅 𝜓 Ԧ𝑥, 𝑡 2

2𝑚
+ 𝑉 Ԧ𝑥, 𝑡 + 𝑄( Ԧ𝑥, 𝑡)

𝑊 𝑡1, 𝑡2 ~ 𝐸 𝑡1 , 𝐸 𝑡2 , 𝑝𝑎𝑡ℎ(𝑡1, 𝑡2)

D. H. Kobe, J. Phys. A Math. Theor. 40, 5155 (2007)

R. Sampaio, S. Suomela, T. Ala-Nissila, J. Anders, and T. Philbin, Phys. Rev. A 97, 012131 (2018)

Work on the 
𝜉-th trajectory

Work on the
quantum system 𝑊(𝑡1, 𝑡2) : = lim

𝜎 →∞

1

𝜎


𝜉∈𝜎

𝑊𝜉 𝑡1, 𝑡2 = |𝜓(𝑡2)ۦ 𝐻(𝑡2)| ۧ𝜓 𝑡2

Energy of the 
system in x, 𝑡

|𝜓(𝑡1)ۦ− 𝐻(𝑡1)| ۧ𝜓(𝑡1)

Well…
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II – Unprecedented Characterization 

(d.2.) Two-time correlations

𝐺, መ𝐽 ≠ 0 𝐺(𝑡2) መ𝐽(𝑡1) = |𝜓ۦ 𝐺(𝑡2) መ𝐽(𝑡1)| ۧ𝜓 ∈ ℂ

No well-defined two-time correlation?

D. Pandey, R. Sampaio, T. Ala-Nissila, G. Albareda, and X. Oriols, Phys. Rev. A 103, 052219 (2021).
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II – Unprecedented Characterization 

(d.2.) Two-time correlations

ℊ𝜓 Ԧ𝑥, 𝑡 : = 𝑅𝑒
ൻ Ԧ𝑥 𝐺 ۧ𝜓(𝑡)

ൻ Ԧ𝑥 ۧ|𝜓(𝑡)
𝒿𝜓 Ԧ𝑥, 𝑡 : = 𝑅𝑒

ൻ Ԧ𝑥 𝐹 ۧ𝜓(𝑡)

ൻ Ԧ𝑥 ۧ|𝜓(𝑡)

𝐺, መ𝐽 ≠ 0 𝐺(𝑡2) መ𝐽(𝑡1) = |𝜓ۦ 𝐺(𝑡2) መ𝐽(𝑡1)| ۧ𝜓 ∈ ℂ

𝐺 𝑡2 𝐽 (𝑡1) ≔ lim
𝜎 →∞

1

𝜎


𝜉∈𝜎

ℊ𝜓 Ԧ𝑥𝜉(𝑡1), 𝑡1 𝒿𝜓 Ԧ𝑥𝜉(𝑡2), 𝑡2

Well…

D. Pandey, R. Sampaio, T. Ala-Nissila, G. Albareda, and X. Oriols, Phys. Rev. A 103, 052219 (2021).

18



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕)

ො𝜌1…𝑁,𝐸 𝑡

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

ො𝜌1…𝑁,𝐸 𝑡 One non-M. 
open QS

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

ො𝜌1…𝑁,𝐸 𝑡 One non-M. 
open QS

OK!

But… no 𝒫
approx.!

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

Ψ 𝒙𝟏, Ԧ𝑥2
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓1

𝜉
𝑡 ; ℊ𝜉 𝑡

1

Ψ Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁−1

𝜉
𝑡 , 𝒙𝑵, Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓𝑁

𝜉
𝑡 ; ℊ𝜉 𝑡

𝑁

ො𝜌1…𝑁,𝐸 𝑡

…

One non-M. 
open QS

N non-M open QS!

OK!

But… no 𝒫
approx.!

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

Ψ 𝒙𝟏, Ԧ𝑥2
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓1

𝜉
𝑡 ; ℊ𝜉 𝑡

1

Ψ Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁−1

𝜉
𝑡 , 𝒙𝑵, Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓𝑁

𝜉
𝑡 ; ℊ𝜉 𝑡

𝑁

ෝ𝝆𝟏 𝒕

ො𝜌1…𝑁,𝐸 𝑡

ෝ𝝆𝑵 𝒕

… …

One non-M. 
open QS

N non-M open QS!

OK!

But… no 𝒫
approx.!

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

Ψ 𝒙𝟏, Ԧ𝑥2
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓1

𝜉
𝑡 ; ℊ𝜉 𝑡

1

Ψ Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁−1

𝜉
𝑡 , 𝒙𝑵, Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓𝑁

𝜉
𝑡 ; ℊ𝜉 𝑡

𝑁

ෝ𝝆𝟏 𝒕

ො𝜌1…𝑁,𝐸 𝑡

ෝ𝝆𝑵 𝒕

ෝ𝝆𝟏…𝑵 𝑡 ?
Ψ ?… …

One non-M. 
open QS

N non-M open QS!

OK!

But… no 𝒫
approx.!

Available
𝒫𝑘 𝐚𝐩𝐩𝐫𝐱.!

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

Ψ 𝒙𝟏, Ԧ𝑥2
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓1

𝜉
𝑡 ; ℊ𝜉 𝑡

1

Ψ Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁−1

𝜉
𝑡 , 𝒙𝑵, Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓𝑁

𝜉
𝑡 ; ℊ𝜉 𝑡

𝑁

ෝ𝝆𝟏 𝒕

ො𝜌1…𝑁,𝐸 𝑡

ෝ𝝆𝑵 𝒕

ෝ𝝆𝟏…𝑵 𝑡 ?
Ψ ?

No need!

… …

One non-M. 
open QS

N non-M open QS!

OK!

But… no 𝒫
approx.!

Available
𝒫𝑘 𝐚𝐩𝐩𝐫𝐱.!

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

Ψ 𝒙𝟏, Ԧ𝑥2
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓1

𝜉
𝑡 ; ℊ𝜉 𝑡

1

Ψ Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁−1

𝜉
𝑡 , 𝒙𝑵, Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓𝑁

𝜉
𝑡 ; ℊ𝜉 𝑡

𝑁

ෝ𝝆𝟏 𝒕

ො𝜌1…𝑁,𝐸 𝑡

ෝ𝝆𝑵 𝒕

ෝ𝝆𝟏…𝑵 𝑡 ?
Ψ ?

No need!

𝒿𝑘
𝜓
( Ԧ𝑥, 𝑡) = 𝑅𝑒

ൻ𝒙𝟏, … , 𝒙𝑵 𝐼𝑑1⋯ 𝐽𝑘⋯𝐼𝑑𝑁 ۧ𝜓

ൻ𝒙𝟏, … , 𝒙𝑵 ۧ|𝜓

… …

One non-M. 
open QS

N non-M open QS!

OK!

But… no 𝒫
approx.!

Available
𝒫𝑘 𝐚𝐩𝐩𝐫𝐱.!

𝒥𝑇
𝜓
= Σ𝑗=1

𝑁 𝒿𝑘
𝜓

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems



Ψ( 𝒙𝟏, … , 𝒙𝑵, 𝒚𝑬𝒏𝒗, 𝒕) Ψ 𝒙𝟏, … , 𝒙𝑵, ; Ԧ𝑦𝐸𝑛𝑣
𝜉

𝑡 , 𝑡

→ | ൿ𝜓𝜉 𝑡 ; ℊ𝜉 𝑡
1…𝑁

Ψ 𝒙𝟏, Ԧ𝑥2
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓1

𝜉
𝑡 ; ℊ𝜉 𝑡

1

Ψ Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁−1

𝜉
𝑡 , 𝒙𝑵, Ԧ𝑦𝑃

𝜉
𝑡 , 𝑡 → | 𝜓𝑁

𝜉
𝑡 ; ℊ𝜉 𝑡

𝑁

ෝ𝝆𝟏 𝒕

ො𝜌1…𝑁,𝐸 𝑡

ෝ𝝆𝑵 𝒕

ෝ𝝆𝟏…𝑵 𝑡 ?
Ψ ?

No need!

𝒿𝑘
𝜓
( Ԧ𝑥, 𝑡) = 𝑅𝑒

ൻ𝒙𝟏, … , 𝒙𝑵 𝐼𝑑1⋯ 𝐽𝑘⋯𝐼𝑑𝑁 ۧ𝜓

ൻ𝒙𝟏, … , 𝒙𝑵 ۧ|𝜓 𝔼[𝒥_𝑇] 𝑡 = lim
𝜎 →∞

1

𝜎


𝜉∈𝜎

𝒥𝑇
𝜓

Ԧ𝑥1
𝜉
𝑡 , … , Ԧ𝑥𝑁

𝜉
𝑡 , 𝑡

= |𝜓ۦ መ𝒥| ۧ𝜓

… …

One non-M. 
open QS

N non-M open QS!

OK!

But… no 𝒫
approx.!

Available
𝒫𝑘 𝐚𝐩𝐩𝐫𝐱.!

𝒥𝑇
𝜓
= Σ𝑗=1

𝑁 𝒿𝑘
𝜓

ෝ𝝆𝟏…𝑵 𝒕

33III – A Recipe for non-Markovian Open Quantum Systems
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