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The goals of this presentation

• Gain insights into the importance of electrical response in modern 
materials science.

• Understand the relationship between the Kubo Formula and electrical 
response.

• Learn how to numerically solve the Kubo formula in a linear-scaling 
algorithm.

• Present the up-and-coming LSQuanT package

https://www.lsquant.org/lsq/index.php

https://www.lsquant.org/lsq/index.php
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Dissipation
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Dissipation

𝑑 Ԧ𝑝

𝑑𝑡
= q𝐸 −

Ԧ𝑝

𝜏

Unlimited momentum increment

𝝉
momentum relaxation time

Ԧ𝐽 =
𝑛𝑞2𝜏

𝑚
𝐸 (Drude model )



Quantum mechanics

Bloch’s theorem

Ԧ𝑝 → Ԧ𝑝
𝑚𝑒 → 𝑚( Ԧ𝑝)

Periodic potential

Nearly free electros
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The Hamiltonian as Sparse matrix



The macroscopic A

𝑖ℏ
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𝑑𝑡
= 𝐻ȁ ۧΨ t

⟨ መ𝐴(𝑡)ۧ = ⟨Ψ(𝑡)ȁ መ𝐴ȁ ۧΨ t ≡ Tr[ መ𝐴𝜌(𝑡)]

𝑖ℏ
𝑑𝜌

𝑑𝑡
= [𝐻, 𝜌] 

Von Neumann equation

Density matrix



The electrical response of A

⟨ መ𝐴(𝑡, 𝐸 )ۧ ≡ Tr[ መ𝐴 𝜌(𝐻, 𝐸)]

𝐻 = 𝐻0 + ∫ 𝑑3𝑟 𝑛 Ԧ𝑟 𝜙( Ԧ𝑟)
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The electrical response of A

⟨ መ𝐴(𝑡, 𝐸 )ۧ ≡ Tr[ መ𝐴 𝜌(𝐻, 𝐸)]

𝐻 = 𝐻0 + ∫ 𝑑3𝑟 𝑛 Ԧ𝑟 𝜙( Ԧ𝑟)

Disordered 
Hamiltonian

Minimal
coupling

𝐸 = −∇𝜙( Ԧ𝑟)

Strong electric fields could 
change the ground states!



Linear response theory: The Kubo formula

• Thermal equilibrium:

Fundamental Hypotheses

Principal goal:

𝜌0 𝐻 → 𝜌eq(T, 𝜇)

Reservoir at temperature T

System

𝜌 𝐻, 𝐸 = 𝜌0 𝐻 + ∇𝐸 𝜌 𝐸, 𝐻
𝐸=0

𝐸



Linear response theory

• Thermal equilibrium:

𝜌 𝐻, 𝐸 = 𝜌0 𝐻 + ∇𝐸 𝜌 𝐸, 𝐻
𝐸=0

𝐸

Fundamental Hypotheses

Principal goal:

𝜌0 𝐻 → 𝜌eq(T, 𝜇)

• Adiabatic evolution: ȁ𝜀𝑛
0ۧ → ȁ𝜀𝑛(𝑡)ۧ

𝜀𝑛
0

𝜀𝑛′
0

𝜀𝑛

𝜀𝑛′

መ𝐴 𝑡 ≡ Tr[ መ𝐴 𝑡 𝜌eq] + Tr[ መ𝐴(𝑡)𝜒 ෠𝐸]

𝜒 ෠𝐸



Linear response theory: The Kubo formula

⟨ መ𝐴(𝑡)ۧ = lim
𝑡,𝜏→∞

න
0

𝑡

𝑑𝜏′𝑒−𝜏′/𝜏⟨𝜌𝑒𝑞
መ𝐴 [𝐸𝛼𝐽𝛼 𝜏′ ]ۧ

• 𝜌𝑒𝑞: Density matrix in thermal equilibrium

• 𝐸𝛼𝐽𝛼 𝜏′ − 𝑖ℏ𝛽′ : History of the electric field coupled to the current density 
given a 

Kubo, Ryogo (1957). "Statistical-Mechanical Theory of Irreversible Processes. I. General Theory and Simple Applications 
to Magnetic and Conduction Problems". J. Phys. Soc. Jpn. 12 (6): 570–586. doi:10.1143/JPSJ.12.570.º 



Noninteracting Kubo Formula

⟨ መ𝐴ۧ = 𝑖ℏ න𝑑𝐸 Tr 𝑓 𝐸′ − 𝜇 𝛿 𝐸′ − 𝐻 ෡A
d G+ E′

𝑑𝐸
𝑉 ⋅ 𝐸0



Noninteracting Kubo Formula
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Noninteracting Kubo Formula

⟨ መ𝐴ۧ = 𝑖ℏ න𝑑𝐸 Tr 𝑓 𝐸′ − 𝜇 𝛿 𝐸′ − 𝐻 ෡A
d G+ E′

𝑑𝐸
𝑉 ⋅ 𝐸0

ȁ ۧΨ =

𝜓0

𝜓1

𝜓2

𝐻 =
𝜖0 𝑡01 0
𝑡10 𝜖1 𝑡12

0 𝑡21 𝜖2

Representable in tight-binding basis

𝜓𝑛 𝑉𝑥 𝜓𝑚 = 𝑖 𝑋𝑛 − 𝑋𝑚 𝐻𝑛𝑚 



Noninteracting Kubo Formula

⟨ መ𝐴ۧ = 𝑖ℏ න𝑑𝐸 Tr 𝑓 𝐸′ − 𝜇 𝛿 𝐸′ − 𝐻 ෡A
d G+ E′

𝑑𝐸
𝑉 ⋅ 𝐸0

G+ E′ = lim
𝜂→0

1

𝐻 − 𝐸 + 𝑖𝜂
∫ 𝑑𝐸′𝛿 E′ − 𝐻 𝑓 𝐸′ = 𝑓(𝐻)

Singular Functions



Numerical implementation



The kernel polynomial method

𝐷𝑂𝑆 ≡ Tr[𝛿 E′ − 𝐻 ]

𝑇𝑟[𝛿 𝐻 − 𝐸 ] = ෍

𝑛

𝛿 𝐸𝑛 − 𝐸

𝛿 𝐻 − 𝐸 = ෍
𝑛=0

∞

𝑐𝑛 𝑝𝑛(𝐻)

Polynomial expansion



The kernel polynomial method

𝐷𝑂𝑆 ≡ Tr[𝛿 E′ − 𝐻 ]

𝑇𝑟[𝛿 𝐻 − 𝐸 ] = ෍

𝑛

𝛿 𝐸𝑛 − 𝐸

𝛿 𝐻 − 𝐸 = ෍
𝑛=0

∞

𝑐𝑛 𝑝𝑛(𝐻)

Polynomial expansion

𝑂 𝑁3 → 𝑂(𝑁2)



The random phase approximation

𝐷𝑂𝑆 ≡ Tr[𝛿 E′ − 𝐻 ]

𝐷𝑂𝑆 = 𝑟 𝛿 𝐻 − 𝐸 ȁ𝑟ۧ

= ෍

𝑛,𝑚=0

𝑑

𝜉𝑛 𝜉𝑚 𝑛 𝛿 𝐻 − 𝐸 𝑚

ȁ𝑟ۧ =
𝜉0

⋮
𝜉𝑑

Choosing the right distribution

𝜉𝑛 𝜉𝑚 = 0 
𝜉𝑛

2=1

𝑂 𝑁2 → 𝑂(𝑁)



The Chebyshev polynomials

Tr[𝛿 𝐻 − 𝐸 ] = ෍
𝑛=0

𝑀

𝑐𝑛 𝑟 𝑝𝑛 𝐻 ȁ𝑟ۧ

𝑂 𝑁2 → 𝑂(𝑀 𝑁)

𝑇𝑚 𝑥 ≡ 𝐶𝑜𝑠 𝑚 𝐴𝑟𝑐𝐶𝑜𝑠 𝑥

𝑇0 𝑥 ≡ 1,
𝑇1 𝑥 ≡ 𝑥 ,
𝑇2 𝑥 ≡ 2𝑥2 − 1,
𝑇3 𝑥 ≡ 4𝑥3 − 2𝑥

𝑇𝑛+1 𝑥 ≡ 2 𝑇𝑛(𝑥) − 𝑇𝑛−1(𝑥)



The Gibbs oscillations

𝛿 𝑥 − 𝑥0 =
2

𝜋 1 − 𝑥2
෍

𝑚=0

𝑀 𝑔𝑚T𝑚 𝑥0 T𝑚 𝑥

1 + 𝛿𝑚0

𝑔𝑚 =
sinh 1 −

𝑚
𝑀

𝜆

sinh 𝜆



The final density of states

DOS =
2𝛼

𝑊𝐻

2

𝜋 1 − ǁ𝜀𝐹

෍
𝑚=0

𝑀

𝑔𝑚T𝑚 ǁ𝜀𝐹 𝜇𝑚

𝜇𝑚 = Tr T𝑚
෩𝐻 = ⟨ 𝑟 T𝑚

෩𝐻 r ۧۧ

෩𝐻 =
2𝛼

𝑊𝐻
𝐻 − 𝐸𝑐 , ෥𝜀𝐹 =

2𝛼

𝑊𝐻
𝜀𝐹 − 𝐸𝑐෩𝐻, ෥𝜀𝐹 ∈ −𝛼, 𝛼



The final density of states

DOS =
2𝛼

𝑊𝐻

2

𝜋 1 − ǁ𝜀𝐹

෍
𝑚=0

𝑀

𝑔𝑚T𝑚 ǁ𝜀𝐹 𝜇𝑚

𝜇𝑚 = Tr T𝑚
෩𝐻 = ⟨ 𝑟 T𝑚

෩𝐻 r ۧۧ

https://www.lsquant.org/lsq/index.php

https://www.lsquant.org/lsq/index.php


Convergence of the Chebyshev polynomials



The LSQT

⟨ መ𝐴 𝜇, 𝑇 ۧ = ෍

𝑚=0

𝑀

෍

𝑛=0

𝑀

Γ𝑚,𝑛 𝜇, 𝑇 Tr T𝑚 𝐻 መ𝐴T𝑛 𝐻 ෠𝑉𝛽

⟨ መ𝐴ۧ = 𝑖ℏ න𝑑𝐸 Tr 𝑓 𝐸′ − 𝜇 𝛿 𝐸′ − 𝐻 ෡A
d G+ E′

𝑑𝐸
𝑉 ⋅ 𝐸0

𝜇𝑚,𝑛 

Chebyshev expansion moment
matrix



Scaling of the LSQT

𝜇𝑚,𝑛 =Tr 𝑇𝑚 𝐻 𝑗𝑥𝑇𝑛 𝐻 𝑗𝑥

 𝜇00 𝜇0,1 𝜇0,2 

𝜇1,0 𝜇1,1 𝜇1,2 
𝜇2,0 

⋮
 𝜇𝑀−1,0 

𝜇𝑀,0 

𝜇2,1 

⋮
 𝜇𝑀−1,1 

𝜇𝑀,1 

𝜇2,2 

⋮
 𝜇𝑀−1,2 

𝜇𝑀,2 

…  𝜇0,𝑀−1  𝜇0,𝑀 

…  𝜇1,𝑀−1 𝜇1,𝑀 
…
⋱
…
…

 𝜇2,𝑀−1 

⋮
 𝜇𝑀−1,𝑀−1 

𝜇𝑀,𝑀−1 

𝜇2,𝑀 

⋮
 𝜇𝑀−1,𝑀𝑠 

𝜇𝑀,𝑀 

Process #1
Process #2
Process #3

Process #N-1

Multi-threaded sparse 
matrix-vector 
multiplication



Aplications



Applications: Canted quantum Spin Hall effect

Ԧ𝑠 𝐸𝐹
≈ 𝑆0 𝐸𝐹

 ො𝑢 𝜃

Jose H. Garcia, et al, Phys. Rev. Lett. 
125, 256603 (2020)



Applications: Valley Hall effect



Applications: Spin relaxation



Jaime Garrido 
Automatic parameter 

optimization

Josep Buch
Exploration of machine-learning 

Hamiltonian models

Luis Canonico
Implementation of 

momentum-efficient 
KPM

Joaquin Medina
Adaptation to spin-orbit 

torque
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